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Theorem A {#FPar1}
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Precisely, this paper is organized as follows.

In Section [2](#Sec2){ref-type="sec"}, we recall some notions concerning Muckenhoupt weights, growth functions, $\documentclass[12pt]{minimal}
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Notions and main results {#Sec2}
========================
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Throughout the paper, we always assume that Ω is homogeneous of degree zero and satisfies ([1.1](#Equ1){ref-type=""}).
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The main results of this paper are as follows, the proofs of which are given in Section [3](#Sec3){ref-type="sec"}.
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Corollary 2.6 {#FPar7}
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Remark 2.7 {#FPar8}
----------
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Proofs of main results {#Sec3}
======================

To show Theorem [2.4](#FPar5){ref-type="sec"}, Theorem [2.5](#FPar6){ref-type="sec"} and Corollary [2.6](#FPar7){ref-type="sec"}, let us begin with some lemmas. Since *φ* satisfies the uniform Muckenhoupt condition, the proofs of (i), (ii) and (iii) of the following Lemma [3.1](#FPar9){ref-type="sec"} are identical to those of Exercises 9.1.3, Theorem 9.2.5 and Corollary 9.2.6 in \[[@CR26]\], respectively, the details being omitted.

Lemma 3.1 {#FPar9}
---------
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Lemma 3.2 {#FPar10}
---------

\[[@CR13]\], Lemma 4.5
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Definition 3.3 {#FPar11}
--------------

\[[@CR13]\], Definition 2.4
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We refer the reader to \[[@CR13]\] and \[[@CR24]\] for more details on the real-variable theory of Musielak-Orlicz Hardy spaces.

Lemma 3.4 {#FPar12}
---------

*Let* *b* *be a multiple of a* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\varphi, \infty, s)$\end{document}$-*atom associated with some ball* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B_{r}$\end{document}$. *Then there exists a positive constant* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C:=C_{\Omega}$\end{document}$ *independent of* *b* *such that*, *for any* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in B_{2R}\setminus B_{R}$\end{document}$ *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$R\in[2r, \infty)$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bigl\vert \mu_{\Omega}(b) (x) \bigr\vert \le C \Vert b \Vert _{L^{\infty}} \biggl[\ln{\frac{2R+r}{R-r}}+\frac {(R+2r)^{2}}{2(2R+r)^{2}} \biggr]^{\frac{1}{2}}. $$\end{document}$$

Proof {#FPar13}
-----
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \usepackage{amsmath}
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                \begin{document} $$\begin{aligned} \bigl\vert \mu_{\Omega}(b) (x) \bigr\vert ^{2} &= \int_{0}^{\infty} \biggl\vert \int_{\vert x-y\vert\leq t} \frac{\Omega(x-y)}{ \vert x-y \vert ^{n-1}}b(y) \,dy \biggr\vert ^{2} \frac{dt}{t^{3}} \\ &= \int_{0}^{R-r} \biggl\vert \int_{\vert x-y\vert\leq t} \frac{\Omega(x-y)}{ \vert x-y \vert ^{n-1}}b(y) \,dy \biggr\vert ^{2} \frac{dt}{t^{3}} + \int_{R-r}^{2R+r}\cdots+ \int_{2R+r}^{\infty}\cdots \\ &=:\mathrm{I}_{1}+\mathrm{I}_{2}+\mathrm{I}_{3}. \end{aligned}$$ \end{document}$$

For $\documentclass[12pt]{minimal}
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                \begin{document}$\{y\in{{\mathbb{R}}^{n}}: \vert x-y \vert \le t\} =\emptyset$\end{document}$ and hence $\documentclass[12pt]{minimal}
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                \begin{document}$\Omega\in L^{1}(S^{n-1})$\end{document}$ (see ([1.1](#Equ1){ref-type=""})), we obtain $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \mathrm{I}_{2} &\le \Vert b \Vert _{L^{\infty}}^{2} \int_{R-r}^{2R+r} \biggl( \int_{S^{n-1}} \int_{0}^{t} \frac{ \vert \Omega(y') \vert }{\rho^{n-1}}\rho^{n-1} \,d\rho \,d\sigma\bigl(y'\bigr) \biggr)^{2} \frac{dt}{t^{3}} \\ &\sim \Vert b \Vert _{L^{\infty}}^{2} \int_{R-r}^{2R+r}\frac{1}{t} \,dt \sim \Vert b \Vert _{L^{\infty}}^{2} \ln{\frac{2R+r}{R-r}}. \end{aligned}$$ \end{document}$$
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document} $$\begin{aligned} {\mathrm{I}_{3}} &\leq \Vert b \Vert _{L^{\infty}}^{2} \int_{2R+r}^{\infty}\biggl( \int_{B_{2R+r}\setminus B_{R-r}} \frac{ \vert \Omega(y) \vert }{ \vert y \vert ^{n-1}} \,dy \biggr)^{2} \frac{dt}{t^{3}} \\ &= \Vert b \Vert _{L^{\infty}}^{2} \int_{2R+r}^{\infty}\biggl( \int_{S^{n-1}} \int_{R-r}^{2R+r} \frac{ \vert \Omega(y') \vert }{\rho^{n-1}}\rho^{n-1} \,d\rho \,d\sigma\bigl(y'\bigr) \biggr)^{2} \frac{dt}{t^{3}} \\ &\sim \Vert b \Vert _{L^{\infty}}^{2} (R+2r)^{2} \int _{2R+r}^{\infty}\frac{1}{t^{3}} \,dt\sim \Vert b \Vert _{L^{\infty}}^{2} \frac{(R+2r)^{2}}{2(2R+r)^{2}}. \end{aligned}$$ \end{document}$$
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Since *φ* satisfies the uniform Muckenhoupt condition, the proofs of Lemmas [3.5](#FPar14){ref-type="sec"} and [3.6](#FPar15){ref-type="sec"} are identical to those of Corollary 6.2 in \[[@CR27]\] and Lemma 4.4 in \[[@CR7]\], respectively, the details being omitted.

Lemma 3.5 {#FPar14}
---------
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Lemma 3.6 {#FPar15}
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*For* $\documentclass[12pt]{minimal}
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                \begin{document}$$\int_{B_{2R}\setminus B_{R}} \bigl\vert \mu_{\Omega}(b) (x) \bigr\vert \varphi(x, t) \,dx \leq C \Vert b \Vert _{L^{\infty}} \bigl[\varphi ^{q'}(B_{2R}, t) \bigr]^{\frac{1}{q'}}R^{\frac{n}{q}} \biggl(\frac {r}{R} \biggr)^{n+\beta}. $$\end{document}$$

Lemma 3.7 {#FPar16}
---------
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Proof {#FPar17}
-----
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The following three lemmas come from \[[@CR13]\], Lemma 4.1, Lemma 4.3(i) and Theorem 3.1, respectively, and also can be found in \[[@CR24]\].

Lemma 3.8 {#FPar18}
---------

*Let* *φ* *be a growth function as in Definition * [2.2](#FPar3){ref-type="sec"}. *Then there exists a positive constant* *C* *such that*, *for any* $\documentclass[12pt]{minimal}
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Lemma 3.9 {#FPar19}
---------

*Let* *φ* *be a growth function as in Definition * [2.2](#FPar3){ref-type="sec"}. *For a given positive constant* *C̃*, *there exists a positive constant* *C* *such that*, *for any* $\documentclass[12pt]{minimal}
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Lemma 3.10 {#FPar20}
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Lemma 3.11 {#FPar21}
----------

\[[@CR24]\], Remark 4.1.4(i)

*Let* *φ* *be a growth function as in Definition * [2.2](#FPar3){ref-type="sec"}. *Then* $\documentclass[12pt]{minimal}
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The following lemma gives a criterion of the boundedness of operators from $\documentclass[12pt]{minimal}
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Lemma 3.12 {#FPar22}
----------

*Let* *φ* *be a growth function as in Definition * [2.2](#FPar3){ref-type="sec"}. *Suppose that a linear or a positive sublinear operator* *T* *is bounded on* $\documentclass[12pt]{minimal}
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Proof {#FPar23}
-----
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Proof of Theorem [2.5](#FPar6){ref-type="sec"} {#FPar25}
----------------------------------------------

By using the same method as in Theorem [2.4](#FPar5){ref-type="sec"} and repeating the estimate of *J* in the proof of \[[@CR7]\], Theorem 1.5, with \[[@CR7]\], Lemma 4.4(a), replaced by Lemma [3.6](#FPar15){ref-type="sec"}(ii), it is quite believable that Theorem [2.5](#FPar6){ref-type="sec"} holds true. We leave the details to the interested reader. □

Proof of Corollary [2.6](#FPar7){ref-type="sec"} {#FPar26}
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Conclusions {#Sec4}
===========

What we have seen from the above is the boundedness of Marcinkiewicz integral $\documentclass[12pt]{minimal}
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